Number systems reviewer



Common number systems: Decimal, Binary, Octal, and Hexadecimal

The Base determines how many different symbols are needed to represent values in that base. We use the decimal digits we learned as children to represent the first ten symbols of any base. The order of the digits is significant. For example, 345 do not represent the same value as 534. 

Decimal number system - the number system we are familiar with. It uses 10 as the base (radix) which means that the value of each digit is multiplied by an appropriate power of 10, depending on Its position in the number.  

Base (radix) 10

Digits allowed 0 1 2 3 4 5 6 7 8 9

Ex 
345 = (3 * 100) + (4 * 10) + (5 * 1)

Binary number system – it uses 2 as the base, and allows only two symbol as its digit.

Base (radix) 2

Digits allowed 0 1
Ex 
1001  = (1 * 23) + (0 * 22) + (0 * 21) + (1 * 20)



= 9 (base 10)

11001 = (1 * 24) + (1 * 23) + (0 * 22) + (0 * 21) + (1 * 20)



= 25 (base 10)
Octal number system - it uses 8 as the base, and allows only eight symbol as its digit.
Base (radix) 8

Digits allowed 0 1 2 3 4 5 6 7

Ex 
 345  = 3 * 82 + 4 * 81 + 5 * 80
 

= 3 * 64   + 4 * 8    + 5 * 1

          

= 192      + 32       + 5

          

= 229 (Base 10)

1001 = 1 * 83 + 0 * 82 + 0 * 81 + 1 * 80


= 1 * 512  + 0 * 64   + 0 * 8    + 1 * 1



= 512      + 0        + 0        + 1



= 513 (Base 10)

Hexadecimal number system  - it uses 16 as the base, and allows only sixteen two symbol as its digit
Base (radix) 16

Digits allowed 0 1 2 3 4 5 6 7 8 9 a b c d e f
Example a3 (base 16) is really

a3 
= a * 161 + 3 * 160
=  a * 16    + 3 * 1

= 10 * 16    + 3


= 160        + 3

= 163 (base 10)

Common MIPS syntax for hexadecimal numbers is '0x' preceding the digits 0x1234 is 1234 (Base 16). Intel uses an 'h' as a suffix of hexadecimal numerals. General number system (Base-B numbers) Any number can be used as a base for a number system. If the number is less than (or equal) to 10, we can use a subset of the digits 0-9 for the symbols. But, if the base is greater than 10, we use letters as additional symbols so that each digit takes up only one place in the numeral. Hexadecimal is an example of such a number system.

In each of these number systems, the position of the symbols (digits) is important to the actual value of the numeral. Since, we are more familiar with decimal values, we frequently wish to know the decimal value of a number that was given in a different base. How do I convert a number from a different base to decimal? Calculate the decimal value of each weighted symbol (digit) in the numeral and sum each of these values. Decimal value of a Base-B numeral =  (decimal value of each digit in the numeral) Ok, but then how do I calculate the decimal value of a single digit in the numeral? Use the digit's position in the numeral (shown as a subscript) as the power (or the exponent) of the base and multiply that term with the digit.

Decimal value of the nth-bit digit S in a Base-B numeral = Sn * Bn

Let's put the solution all together now for a Base-B numeral of the form.

        Sn-1  Sn-2  . . .  S2   S1   S0

       n - is the number of bits in the numeral

       B - is the base of the numeral

       S - is the symbol (digit) at that location in the numeral

Decimal value of a Base-B numeral =  (i=0 to n-1) Si * Bi

     Example:  abcBase B =???Base 10

     abcBase B = [ (a * B2) + (b * B1) + (c * B0) ] Base 10 = [aB2 + bB + c] Base 10

Some other common base transformations

Any base to decimal (base 10) Use the summation equation as given above.

Decimal to binary (base 2) Set quotient to the decimal value divide the quotient by 2 (the base) record the remainder as the least significant digit of the result. Repeat steps 2 and 3 until the value of the quotient is 0 The result is the decimal equivalent of the original binary numeral. 

    Ex   36 Base 10

        36/2 = 18 r=0  <-- lsb

        18/2 = 9 r=0

         9/2 = 4 r=1

         4/2 = 2 r=0

         2/2 = 1 r=0

         1/2 = 0 r=1  <-- msb

         36 base 10 == 100100 base 2

        Ex 14 base 10

        14/2 = 7 r=0  <-- lsb

         7/2 = 3 r=1

         3/2 = 1 r=1

         1/2 = 0 r=1  <-- msb

         14 base 10 == 1110 base 2

Binary to Octal (base 8) Start at the least significant symbol. Divide the binary digits into groups of three symbols. Write the octal digit for each group. If the number of bits is not evenly divisible by 3, then add 0's at the most significant end.

    Example:

        1 / 110 / 000 / 101  (binary)

        1    6        0       5   (octal)
         11 / 010 / 100  (binary)

          3      2       4   (octal)

Binary to hex (base 16) it’s just like binary to octal. Start at the least significant symbol. Divide the binary digits into groups of four symbols. Write the hex digit for each group. 

    Example:

1001 / 1110 / 0111 / 0000 (binary)

               9         e         7         0   (hexidecimal)
1 / 1111 / 1010 / 0011 (binary)

1      f          a         3   (hexidecimal)
Decimal to any base it's just like decimal to binary using the desired base instead of 2. Set quotient to the decimal value. Divide the quotient by the base. Record the remainder as the least significant digit of the result. Repeat steps 2 and 3 until the value of the quotient is 0.  

Hex to binary Just write the 4-bit binary code for each hex digit. 

Example:

       3        9        c       8   (Hex)

     0011 1001 1100 1000  (Binary)   

Octal to Binary just write the 3-bit binary code for each octal digit. 

      Example:

       3      4     7     1     0   (Octal)

      011 100 111 001 000  (Binary)   

Hex to Octal it is easy if you do it in two steps. Convert from hexadecimal to binary.  Convert the binary to octal. 

Decimal to Hex also, easy if you do it in two steps. Convert from decimal to binary. Convert the binary to hexadecimal. 

Binary Fractions
Converting binary fractions into decimal

The digits to the left of the radix point are calculated as integers (shown above) and the digits to the right are calculated as follows. The decimal values of the two halves are added together.

To convert binary (Base 2) fractions to decimal it is necessary to use negative powers of the base for each place to the right of the binary point. For example, the first digit to the right of the binary point would be multiplied by 2-1 or 1/2, the second digit to the right of the binary point would be multiplied by 2-2 or 1/4, and so on...

What is the decimal equivalent of 11.010112?

11.010112 = (1*21) + (1*20) + (0*2-1) + (1*2-2) + (0*2-3) + (1*2-4) + (1*2-5)

          = 2 + 1 + 0 + .25 + 0 + .0625 + .03125 

          = 3.3437510

Convert decimal fractions into binary

· Convert the integer portion as before. 

· Convert the fraction as follows 

    
Multiply the fraction by the base (2). 

    
Record the integer of the result as the next most significant digit of the converted value. 

   
Repeat previous steps with the new fractional portion, until the result of the fractional part is zero. 

· Add the fractional portion to the integer portion. 

What is the binary equivalent of 3.3437510?

          3.3437510 = 112 + the fraction part

        fraction * base = add the integer portion to the answer and continue

        .34375   *  2   = 0.68750, '0' is the next digit    11.0

        .6875    *  2   = 1.3750 , '1'        "             11.01

        .375     *  2   = 0.750  , '0'        "             11.010

        .75      *  2   = 1.50   , '1'        "             11.0101

        .5       *  2   = 1.0    , '1'        "             11.010112

Decimal equivalents of powers of 2 for up to 63 bits 

Non-binary fractions are the same as binary, only the base changes.
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